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Dyonic black holes in effective string theory
S. Mignemi
Dipartimento di Scienze Fisiche, Universita` di Cagliari
via Ospedale 72, 09100 Cagliari, Italy
The spherical symmetric dyonic black hole solutions of the effective action of heterotic
string are studied perturbatively up to second order in the inverse string tension. An
expression for the temperature in terms of the mass and the electric and magnetic charge
of the black hole is derived and it is shown that its behaviour is qualitatively different in
the two special cases where the electric or the magnetic charge vanishes.
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At present, string theories are the most promising attempt to unify gravitation with
the other fundamental interactions. It is therefore of great interest to study their phe-
nomenological consequences, in particular in the context of gravitational physics.
For this reason, the modifications to black hole physics induced by string theory have
been extensively investigated. Due to the difficulty of treating the full theory, a fruitful
approach has been the study of its low energy limit by means of effective field theoretic
actions, obtained as an expansion in the inverse string tension α′. These actions describe
the dynamics of the low energy excitations of the string spectrum, which comprise in the
simplest case the graviton, a dilaton, an axion and gauge fields. In particular, some exact
solutions have been obtained for the lowest order approximation to the action [1-3]. The
main difference from the Einstein theory is the presence of a non-minimally coupling of the
dilaton with the other fields, which changes drastically the physical properties of the black
hole, and in particular the thermodynamics. For charged black holes, for example, the
temperature becomes independent of the charge, at variance with the Reissner-Nordstro¨m
solution of the Einstein-Maxwell theory.
The results obtained in [1-3] are however valid only if the order α′ corrections in the
gravitational sector of the effective action are neglected. These consist essentially in the
presence of a higher derivative Gauss-Bonnet term coupled to the dilaton. In a recent paper
[4], we have examined how the magnetic charged dilatonic black hole solutions of effective
string theories obtained in [1] are modified when the order α′ terms in the effective action
are taken into account. Of particular interest were the thermodynamical properties of the
solutions, which, contrary to the solutions of the leading order action, exhibit a dependence
of the temperature on the magnetic charge of the black hole. In particular, these solutions
can reach a vanishing temperature for a finite value of the mass, and therefore admit a
stable remnant as final state of the Hawking evaporation.
In this paper we extend our investigation to the case of dyonic black holes. When
higher order corrections to the action are neglected, the dyonic solution has been obtained
by the magnetic one [1] by exploiting the SL(2,R) dilaton-axion symmetry of the leading
order terms in the perturbative expansion of the action [2]. Even if it has been conjectured
that this symmetry might be an exact symmetry of the full theory [3], it is not however
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a symmetry of the order α′ action, since the Gauss-Bonnet term in that action is not
invariant under the SL(2, R) symmetry. It has been argued however that the symmetry
could still be present in a highly non-trivial and non-linear way and therefore not order by
order in perturbation theory [5].
For these reasons we perform here a perturbative calculation of the spherical symmet-
ric solutions of the order α′ action around the background costituted by the Schwarzschild
solution. The most interesting result of our analysis is the difference in the behaviour of
the temperature for an electrically charged black hole with respect to the magnetic one
when higher order terms are taken into account. In fact, it appears that the corrections
to the temperature have opposite sign in the two cases, so that for a purely electric black
hole in this theory the temperature is a monotonic decreasing positive definite function of
the mass for any value of the charge and therefore does not give rise to stable remnants.
The bosonic sector of the dimensionally reduced effective action for the heterotic string
is given up to order α′ by [6]:
Seff =
∫
d4x
√−g
[
R− 1
3
e−4ΦHabcHabc − 2(∇Φ)2 + αe−2Φ(S − F 2)
]
(1)
where α ≡ α′/8, F is the Maxwell field strength, S ≡ R2abcd − 4R2ab + R2 is the Gauss-
Bonnet term and we have omitted the terms which do not contribute to the field equations
up to order α2. The axion field Habc is given explicitly in terms of the potential Bab as:
Habc = ∂[aBbc] + α(A[a∂bAc] + ω
lm
[a∂bω
lm
c] + ω
lm
[aω
mn
bω
nl
c]),
where the Chern-Simons terms have been taken into account. Due to the presence of these
terms a solution presenting both electric and magnetic charge will also have a non-trivial
axion field [6].
It is well known that if one defines a scalar field a, dual to H, such that
Habc = −
1
2
ǫabcde
4Φ∂da (2)
the field equations can be derived from the action:
Seff =
∫
d4x
√−g
[
R− 2(∇Φ)2 − 1
2
e4Φ(∇a)2 − αe−2Φ(F 2 − S)
]
− αa(FF˜ −RR˜) (3)
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where
FF˜ =
1
2
ǫabcdFabFcd RR˜ = 1
2
ǫabcdRabefRcdef (4)
The field equations can then be written as:
Rmn =2∇mΦ∇nΦ +
1
2
∇ma∇na+ 2αe−2Φ(FmpFnp −
1
4
gmnF
2)
+ 4αe−2Φ
[
4Rp(m∇n)∇pΦ− 2Rmn∇p∇pΦ− gmnRpq∇p∇qΦ
−R∇m∇nΦ+
1
2
gmnR∇p∇pΦ− 2Rqmnp∇p∇qΦ
]
− 8αe−2Φ
[
4Rp(m∇n)Φ∇pΦ− 2Rmn∇pΦ∇pΦ− gmnRpq∇pΦ∇qΦ
−R∇mΦ∇nΦ+
1
2
gmnR∇pΦ∇pΦ− 2Rqmnp∇pΦ∇qΦ
]
+ 4α
[
ǫblmnRajmn∇l∇ja+ ǫalmnRbjmn∇l∇ja
]
(5a)
∇2Φ = α
2
e−2Φ(S − F 2) + 1
2
e4Φ(∇pa)2 (5b)
∇p(e4Φ∇pa) = α(FF˜ −RR˜) (5c)
∇p(e−2ΦFpm) = 1
2
ǫpmqrFqr∇ra (5d)
It is convenient to define a new scalar field b, such that
∇pb = e4Φ∇pa (6)
The field equation can then easily be written in term of b. In particular:
∇2Φ = α
2
e−2Φ(S − F 2) + 1
2
e−4Φ(∇b)2 (7a)
∇2b = α(FF˜ −RR˜) (7b)
We want to find a perturbative expansion of the solution to (5) around the background
constituted by the Schwarzschild metric of mass m with vanishing dilaton and axion. Our
expansion will be in the parameter α or, more correctly, in αm2 . We adopt a spherically
symmetric ansatz for the metric:
ds2 = −λ2dt2 + λ−2dr2 +R2dΩ2 (8)
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where λ = λ(r), R = R(r). This particular form of the metric is suggested from the exact
solution found in [2] in the absence of the Gauss-Bonnet term (see also [4]).
The general spherical symmetric solution of the generalized Maxwell equation (5d)
containing both electric and magnetic charge qe and qm respectively, is given in orthonormal
coordinates by:
Fij =
qm
R2
F01 =
qe + qma
R2
e2Φ (9)
We can now expand the fields in α as:
λ = λ0(1 + αψ1 + α
2ψ2 + . . .) R = r + αρ1 + α
2ρ2 + . . .
Φ = αφ1 + α
2φ2 + . . . b = αχ1 + α
2χ2 + . . . (10)
where λ0 = (1− 2mr )1/2 and ψi, ρi, φi and χi are functions of r. Moreover, from (9)
Fij ∼ qm
r2
(
1− 2αρ1
r
+ . . .
)
F01 ∼ qe
r2
+α
[
qe
r2
(
2φ1 − 2ρ1
r
)
+
qm
r2
χ1
]
+ . . . (11)
and hence:
F 2 ∼ 2q
2
m − q2e
r4
+ 2α
[
−4q2m
ρ1
r5
+ 4q2e
(
ρ1
r5
− φ1
r4
)
− 2qeqm
χ1
r4
]
+ . . . (12a)
FF˜ ∼ 4qeqm
r4
+ 4α
[
q2m
χ1
r4
+ 2qeqm
(
φ1
r4
− 2ρ1
r5
)]
+ . . . (12b)
The field equations can now be expanded by inserting (10) and (11). At first order in
α one has:
[r(r − 2m)φ′1]′ =
q2e − q2m
r2
+
24m2
r4
(13a)
[r(r − 2m)χ′1]′ = 4
qeqm
r2
(13b)
ρ′′1 = 0 (13c)
[(r − 2m)ψ1]′ = −m
r2
ρ1 − q
2
e + q
2
m
2r2
(13d)
If one requires asymptotic flatness, a solution can be obtained such that ψ1 = 0, namely:
φ1 = − 1
m
(
2 + q2e − q2m
2r
+
m
r2
+
4m2
3r3
)
, χ1 = −2qeqm
mr
,
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ρ1 = −q
2
e + q
2
m
2m
, ψ1 = 0. (14)
We pass now to evaluate the second order corrections, which satisfy the equations:
[r(r − 2m)φ′2]′ =2
r − 2m
r
ρ1φ
′
1 −
48m2
r4
(
φ1 +
ρ1
r
)
+ 2(q2m + q
2
e)
φ1
r2
+ 4(q2m − q2e)
ρ1
r3
+ 2qeqm
χ1
r2
+
r(r − 2m)
2
χ′21
[r(r − 2m)χ′2]′ =2
r − 2m
r
ρ1χ
′
1 + 4q
2
m
χ1
r2
+ 8qmqe
(
φ1
r2
− 2ρ1
r3
)
ρ′′2 =− rφ′21 +
8m
r2
φ′′1 −
1
4
rχ′21
[(r − 2m)ψ2]′ =− r − 2m
2
ρ′′2 −
r −m
r
ρ′2 −
m
r2
ρ2 +
2m
r3
ρ21 − (q2e − q2m)
φ1
r2
+ 2(q2m + q
2
e)
ρ1
r3
−+4m
(
r − 2m
r2
φ′′1 − 2
r − 3m
r3
φ′1
)
− qeqm
χ1
r2
(15)
The asymptotically flat solutions of (15), with boundary conditions such that m is the
physical mass of the black hole, are given by:
φ2 =−
[
73− 45q2m
60m3r
+
73− 15q2m + 30q2e − 15q4m − 60q2mq2e + 15q4e
60m2r2
+
73 + 45q2e
45mr3
+
73 + 5q2m + 50q
2
e
30r4
+
112m
75r5
+
8m2
9r6
]
χ2 =qeqm
[
3
2m3r
+
3− 2(q2m + q2e)
2m2r2
+
2
3mr3
+
1
3r4
] (16)
ρ2 = −
[
4− 4(q2m − q2e) + (q2m + q2e)2
8m2r
+
2− q2m + q2e
3mr2
+
7− 3(q2m − q2e)
3r3
+
16m
5r4
+
24m2
5r5
]
(r − 2m)ψ2 = −
[
1− 2(q2m − q2e)
3mr2
− 11− 5(q
2
m − qe)2
3r3
+
(2− 50(q2m − q2e))m
15r4
+
272m3
15r6
]
and hence, up to order α2:
R2 ∼ r2 − αq
2
m + q
2
e
m
r − α2 1 + q
2
e − q2m
m2
+O
(
1
r
)
λ2 ∼ 1− 2m
r
− 1 + 2q
2
e − 2q2m
3mr3
α2 +O
(
1
r4
)
Φ ∼ −
[
2 + q2e − q2m
2m
α+
73− 45q2m
60m3
α2
](
1
r
)
+O
(
1
r2
)
a ∼ −qeqm
[(
2α
m
+
3α2
m2
)
1
r
+
5 + 6q2e − 2q2m
2m2r2
α2
]
+O
(
1
r2
)
(17)
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The black hole has therefore dilatonic and axionic charge given respectively at order
α by D =
2+q2
e
−q2
m
2m α and A =
2qeqm
m α; these are not however independent parameters, but
are functions of qe, qm and m, in accordance with the weak form of the no-hair conjecture
[2]. The metric has a singularity at r = r− ∼ α q
2
e
+q2
m
m and a horizon at r = r+ ∼
2m
(
1− 1−2(q2e+q2m)212m2 α2
)
. We notice that when r− > r+, the singularity is naked. This
regime is however out of the range of our approximations.
The temperature of the black hole can be readily obtained by requiring the regularity
of the Euclidean section and is given by [4]:
T−1 ≡ β ∼ 8πm
[
1− α2
(
ψ˜2(2m)
m
− 2ψ˜′2(2m)
)]
= 8πm
(
1− α2 73− 45(q
2
m − q2e)
120m4
)
(18)
This should be compared with the value T = (8πm)−1 found in [2] when the order α′
corrections to the action are neglected: the temperature is no longer independent of the
electric and magnetic charge. However, while for a black hole carrying only magnetic
charge the temperature has a maximum and then goes to zero for a finite value of m [4],
the temperature of a purely electric black hole is at this order of approximation a monotonic
decreasing function of the mass and therefore no massive remnant is to be expected in the
last case.
Appendix
We compare here the perturbative result in the absence of higher order corrections
with the exact solution found in [2]. If one neglects the Gauss-Bonnet term, the field
equations are, at first order:
[r(r − 2m)φ′1]′ =
q2e − q2m
r2
[r(r − 2m)χ′1]′ = 4
qeqm
r2
ρ′′1 = 0
[(r − 2m)ψ1]′ = −m
r2
ρ1 − q
2
e + q
2
m
2r2
(A.1)
whose solutions are:
φ1 =
q2m − q2e
2mr
, χ1 = −
qeqm
mr
, ρ1 = −
q2e + q
2
m
2m
, ψ1 = 0 (A.2)
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At second order, the field equations become:
[r(r − 2m)φ′2]′ =2
r − 2m
r
ρ1φ
′
1 + 2(q
2
m + q
2
e)
φ1
r2
+ 4(q2m − q2e)
ρ1
r3
+ 2qeqm
χ1
r2
+
1
2
r(r − 2m)χ′21
[r(r − 2m)χ′2]′ =2
r − 2m
r
ρ1χ
′
1 + 4q
2
m
χ1
r2
+ 8qmqe
(
φ1
r2
− 2ρ1
r3
)
ρ′′2 =− rφ′21 −
1
4
rχ′2
[(r − 2m)ψ2]′ =− r − 2m
2
ρ′′2 −
r −m
r
ρ′2 −
m
r2
ρ2 +
2m
r3
ρ21
− (q2e − q2m)
φ1
r2
+ 2(q2m + q
2
e)
ρ1
r3
(A.3)
After a lengthy but straightforward calculation, one obtains:
φ2 =
q4e − 4q2eq2m − q4m
4m2r2
, χ2 = −qeqm q
2
e + q
2
m
m2r2
ρ2 = −
(q2e + q
2
m)
2
8m2r
, ψ2 = 0 (A.4)
Substituting the results in (10, 11) yields:
λ2 = 1− 2m
r
R2 = r2 − α (q
2
e + q
2
m)
m
r F01 =
qe
r2
Φ = −
(
α
q2e − q2m
2mr
+ α2
q4e − 4q2eq2m − q4m
4m2r2
)
+ . . . a = −α2qeqm
mr2
(
1 + α
3q2e − q2m
2mr
)
+ . . .
This results coincide with the expansion in α of the exact solution found in (3):
ds2 = −
(
1− 2m
r
)
dt2 +
(
1− 2m
r
)
−1
dr2 + r
(
r − α(q
2
e + q
2
m)
2m
)
dΩ2
Φ = −1
2
ln
(
mr(mr − α(q2e − q2m))
(mr)2 − 2αq2emr + α2q2e(q2e + q2m)
)
a = −qeqm 2mr − α(q
2
e + q
2
m)
(mr)2 − 2αq2emr + α2q2e(q2e + q2m)
F01 =
qe
r2
F23 =
qm
r(r − α(qe + qm)/2m)
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